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Abstract
A WZW model for the non-semi-simple D-dimensional Heisenberg
group, which directly generalizes the Ec2 group, is constructed. It is
found to correspond to an D-dimensional string background of plane-
wave type with physical Lorentz signature D-2. Perturbative and
non-perturbative considerations lead both to an integer central charge
c=D.
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1
Recently, WZW models based on non-semi-simple groups have attained a lot
of interest [1–6], particularly because they lead to exactly solvable models cor-
responding to exact string backgrounds. To write down a WZW model for a
non-semi-simple group is not straightforward since its Killing metric is degener-
ate. However, it is possible that another, non-degenerate, invariant bilinear form
on the algebra exists which allows for a WZW model to be constructed. The
non-semi-simple groups explicitly studied so far are the centrally extended 2D
Euclidean group Ec2 [1], its d-dimensional generalization E
c
d [3], as well as a large
class of non-semi-simple groups arising after contraction of G×H where H is a
subgroup of G [2]. In particular, Ec2 is isomorphic to the 4-dimensional Heisen-
berg group. It is then natural to discuss its D-dimensional analogue, namely the
Heisenberg group HD. For this, a non-degenerate bilinear form exists, a WZW
model can be written down and a Sugawara-type construction can be carried
out. The resulting D-dimensional conformal σ-model has one null Killing vector
and the corresponding conformal field theory has c = D, in accordance with the
general result of [4].
The WZW models based on a group G are defined on a two-surface Σ by the
action
SWZW = −
k
4π
∫
Σ
Tr(g−1dg g−1dg) +
k
6π
∫
B
Tr(g−1dg ∧ g−1dg ∧ g−1dg) , (1)
where g−1dg are the right invariant 1-forms on G and B is a three manifold
bounded by Σ. The right invariant 1-forms are elements of the Lie algebra of G,
so that they may be expressed as
g−1dg = iAITI , (2)
where TI (I = 1, . . . , dimG) are the generators of the group satisfying
[TI , TJ ] = ifIJ
KTK . (3)
The WZW action (1) can then be written in terms of the AI ’s as
SWZW = −
k
4π
∫
Σ
d2σAIαA
JαΩIJ −
k
12π
∫
B
d3σ ǫαβγAIαA
J
βA
L
γ fIJ
NΩNL , (4)
where ΩIJ = Tr(TITJ) is the Killing metric for the group G. However, when the
group is non-semi-simple, the Killing metric is degenerate and one might replace
it, as was proposed in [1], by a symmetric, invariant and non-degenerate form
ΩIJ that satisfies
fIJ
KΩKL + fIL
KΩKJ = 0 . (5)
Such a form can be found, apart from the above mentioned cases, also for the
Heisenberg group HD.
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Before proceeding to the general case, let us first examine the case H4, which
originates from the dynamics of a single one-dimensional harmonic oscillator. H4
is generated by {α, α†, N = α†α, I} and the commutation relations
[α, α†] = I ,
[N,α†] = α† ,
[N,α] = −α . (6)
It is non-semi-simple so that its Killing form is degenerate. A non-degenerate
solution to eq.(5) exists and is given by
ΩIJ =


0 a 0 0
a 0 0 0
0 0 b −a
0 0 −a 0

 , ΩIJ =


0 1
a
0 0
1
a
0 0 0
0 0 0 − 1
a
0 0 − 1
a
− b
a2

 . (7)
A general element of H4 is written as
g = eiqα+iq¯α
†
eiuN+ivI , (8)
where the first term on the right hand side of eq.(8) is an element of the coset
space H4/U(1)×U(1) ∼ Cl parametrized by the complex coordinates q, q¯. By
using the relations
eiqα+iq¯α
†
= eiqαeiq¯α
†
e
qq¯
2 ,
e−iuNαeiuN = eiuα ,
e−iq¯α
†
αeiq¯α
†
= α + iq¯I , (9)
we find that
g−1dg = ieiudqα + ie−iudq¯α† + iduN + (idv +
1
2
qdq¯ −
1
2
q¯dq)I , (10)
so that the AI ’s in eq.(2) are given by
A1 = eiudq ,
A2 = e−iudq¯ ,
A3 = du ,
A4 = dv −
i
2
qdq¯ +
i
2
q¯dq . (11)
The terms that are being integrated over in (4) are calculated to be
AIαA
JαΩIJ = 2a∂αq∂
αq¯ − 2a(∂αv −
i
2
q∂αq¯ +
i
2
q¯∂αq)∂
αu+ b∂αu∂
αu ,
ǫαβγAIαA
J
βA
K
γ fIJK = 6iaǫαβγ∂
γ(u∂αq∂β q¯) , (12)
3
and the WZW action (4) is written as
SWZW = −
k
4π
∫
d2σ
(
2a∂αq∂
αq¯ − 2a(∂αv −
i
2
q∂αq¯ +
i
2
q¯∂αq)∂
αu
+ b∂αu∂
αu+ 2iaǫαβu∂
αq∂β q¯
)
. (13)
By regarding this action as a σ-model action of the form
S =
∫
d2σ(Gµν∂αX
µ∂αXν + Bµνǫ
αβ∂αX
µ∂βX
ν) , (14)
we can read off the background space-time metric and the antisymmetric field.
In the coordinate base [dq, dq¯, du, dv] they are given, up to multiplicative factors,
by
Gµν =


0 1
2
− i
4
q¯ 0
1
2
0 i
4
q 0
− i
4
q¯ i
4
q β2 1
2
0 0 1
2
0

 ,
Bqq¯ =
i
2
u , (15)
where β2 = b
2a
, and thus, the background space-time line element is given by
ds2 = dqdq¯ − (dv −
i
2
qdq¯ +
i
2
q¯dq)du+ β2du2 . (16)
It describes a plane-wave space-time [7, 8] and it can be identified to the one
found by Nappi and Witten in [1] by virtue of the transformation q = a1 − ia2
and q¯ = a1 + ia2. By introducing polar coordinates q = Re
iθ, q¯ = Re−iθ, the line
element turns out to be
ds2 = dR2 +R2dθ2 − (dv −R2dθ)du+ β2du2 . (17)
The signature of this metric is manifest in the orthonormal base
e0 =
1
2β
(dv −R2dθ) ,
e1 = dR ,
e2 = Rdθ ,
e3 = βdu− e0 , (18)
where the metric is ηµν = (−1,+1,+1,+1). The only non-vanishing components
of the Ricci tensor in the above base are
R00 = R33 = R03 =
1
2β2
. (19)
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In the same base, the antisymmetric two form field B = 1
2
Bµνdx
µ∧dxν is written
as
B = ue1 ∧ e2 , (20)
and thus
H = dB =
1
β
e3 ∧ e1 ∧ e2 +
1
β
e0 ∧ e1 ∧ e2 . (21)
The non-vanishing components of H are then
H123 = H012 =
1
β
. (22)
Employing eqs.(19), (22) in the one-loop beta-function equations
0 = −R +
1
12
H2 + 4(∇Φ)2 − 4∇2Φ +
2(c− 4)
3α′
,
0 = Rµν −
1
4
H2µν + 2∇µ∇νΦ ,
0 = ∇λH
λ
µν − 2(∇λΦ)H
λ
µν , (23)
one can find that the dilaton is constant and that the central charge is four
(c = 4). (A constant dilaton is expected on behalf of the homogeneity of the
space.)
Let us now discuss the general case HD. The Heisenberg group HD is a D-
dimensional group generated by the set of generators {αi, α
†
i , N =
∑
i α
†
iαi, I,
i = 1, . . . , r = D−2
2
} and the commutation relations
[αi, α
†
j] = δijI ,
[N,αi] = −αi ,
[N,α†i ] = α
†
i ,
[N, I] = [αi, I] = [α
†
i , I] = 0 . (24)
The Killing form of HD is degenerate and a non-degenerate solution to eq.(5)
which can replace the Killing form is given by
ΩIJ =


A1
. . .
Ar
b −a
−a 0


, (25)
where
A1 = A2 = . . . = Ar =
(
0 a
a 0
)
. (26)
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An element of HD is expressed as
g = ei
∑
i
(qiαi+q¯iα
†
i
)eiuN+ivI , (27)
and proceeding as before, we find that
Ai = eiudqi ,
A¯i = e−iudq¯i ,
AD−1 = du ,
AD = dv −
i
2
∑
i
(qidq¯i − q¯idqi) . (28)
The WZW action is then written as
SWZW = −
k
4π
∫
Σ
d2σ
(
2a
∑
i
∂αqi∂
αq¯i − 2a(∂αv −
i
2
∑
i
qi∂αq¯i − q¯i∂αqi)∂
αu
+ b∂αu∂
αu+ 2iaǫαβu
∑
i
∂αqi∂
β q¯i
)
. (29)
By comparing this action with eq.(14) we can read off the space-time metric,
which is written, up to multiplicative factors, as
Gµν =


0 1
2
− i
4
q¯1 0
1
2
0 i
4
q1 0
. . .
...
...
0 1
2
− i
4
q¯r 0
1
2
0 i
4
qr 0
− i
4
q¯1
i
4
q1 . . . −
i
4
q¯r
i
4
qr β
2 1
2
0 0 . . . 0 0 1
2
0


, (30)
Gµν =


0 2 −iq1
2 0 iq¯1
. . .
...
0 2 −iqr
2 0 iq¯r
0 2
−iq1 iq¯1 . . . −iqr iq¯r 2 γ − 4β
2


, (31)
where the notation γ =
∑
i qiq¯i has been used. The antisymmetric field then is
found to be
Bqiq¯j =
i
2
uδij . (32)
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The line element for this case is then written as
ds2 =
∑
i
dqidq¯i −
(
dv −
i
2
∑
i
(qidq¯i − q¯idqi)
)
du+ β2du2 . (33)
Introducing polar coordinates qi = Rie
iθi , q¯i = Rie
−iθi we find that the metric is
ηµν = (−1,+1, . . . ,+1) in the base
e0 =
1
2β
(dv −
∑
i
R2i dθi) ,
e2i−1 = dRi ,
e2i = Ridθi ,
eD−1 = βdu− e0 , (34)
where i = 1, . . . , r. The non-vanishing components of the Ricci tensor in the base
(34) are then
RD−1D−1 = −R
0
0 = −R
0
D−1 =
D − 2
4β2
, (35)
whereas the antisymmetric 3-form field is given by
H = dB =
1
β
r∑
i=1
(
eD−1 ∧ e2i−1 ∧ e2i + e0 ∧ e2i−1 ∧ e2i
)
. (36)
It is straightforward then to verify that the vanishing of the one-loop beta func-
tions in eqs.(23) gives c = D.
One can understand this result perturbatively by considering the loop dia-
grams that contribute to the beta function. Since the propagator of the u field
vanishes due to Guu = GD−1D−1 = 0, the only diagrams that can be drawn are
one-loop diagrams with two external u lines and qi, q¯i in the internal lines. How-
ever, the interaction terms in (29) give opposite contributions to these diagrams,
in exactly the same way discussed by Nappi and Witten [1, 9] leading to c = D
identically in perturbation theory.
The same result can be obtained non-perturbatively as follows [4, 5, 10]: The
Noether currents associated with the WZW model (4) have the following OPE
JI(z)JJ (w) = −
kΩIJ
2(z − w)2
+ fIJ
K JK(w)
(z − w)
+ reg. (37)
Let us define the bilinear in the currents energy-momentum tensor
T (z) = LIJ :JIJJ:(z) . (38)
The condition for the JI ’s to be primary fields of weight 1, is written as
T (z)JI(w) =
JI(w)
(z − w)2
+
∂JI(w)
(z − w)
+ reg. (39)
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and by using eq.(38) we get [4, 5]
LIJfKJ
L + LJLfKJ
I = 0 , (40)
2LIJΩKJ + L
MNfKM
LfLN
I = δIK . (41)
Thus LIJ is an invariant symmetric tensor as follows from eq.(40) and employing
the latter in eq.(41) we get
LIJ(2ΩKJ + κKJ) = δ
I
K , (42)
where κKJ = fKM
LfJL
M is the Killing form. Then it follows that LIJ is the
inverse of the matrix (2ΩKJ + κKJ) and in our case one finds that
LIJ =
1
2a


0 1
1 0
. . .
0 1
1 0
0 −1
−1 − b+r
a


. (43)
The central charge is given by
c = 2LIJΩIJ = D , (44)
in accordance with the results in [4] since one may look upon the Heisenberg
algebra HD as the double U(1) extention of the algebra
[αi, αj
†] = 0 . (45)
The above construction is a direct generalization of Nappi and Witten’s result
[1], which is recovered in the case D = 4. The space-time described by the metric
(33) is homogeneous, it has 2(D − 1) space-like Killing vectors and a null one, a
total of 2D−1. It describes a plane-wave type space-time with flat wave surfaces
(u, v = const.) since the coset space HD/U(1)×U(1) is isomorphic to Cl
r. It has
one time-like direction (Lorentz signature D − 2) and thus it can be considered
as a D-dimensional string background which can replace Minkowski space-time.
We would like to thank P. de Boer for his help in the computer programm
and N. Obers for discussions.
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